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DIFFEOMORPHISMS APPROXIMATED BY ANOSOV ON THE
2-TORUS AND THEIR SBR MEASURES

NAOYA SUMI

Abstract. We consider the C2 set of C2 diffeomorphisms of the 2-torus T2,
provided the conditions that the tangent bundle splits into the directed sum
TT2 = Es ⊕ Eu of Df -invariant subbundles Es, Eu and there is 0 < λ < 1
such that ‖Df |Es‖ < λ and ‖Df |Eu‖ ≥ 1. Then we prove that the set is
the union of Anosov diffeomorphisms and diffeomorphisms approximated by
Anosov, and moreover every diffeomorphism approximated by Anosov in the
C2 set has no SBR measures. This is related to a result of Hu-Young.

We know that Anosov diffeomorphisms are structurally stable (Anosov [A], Rob-
bin [R1] and Robinson [R2]) and have an SBR measure (Sinai [S1]). Recently Hu-
Young [H-Y] showed that a special diffeomorphism g of the 2-torus T2, provided
the condition that for x ∈ T2 there are 0 < λ < 1 and a continuous splitting
TxT2 = Eu

x ⊕ Es
x of invariant subspaces Eu

x and Es
x such that if x is not the origin

then (i) ‖Dg|Es
x
‖ ≤ λ, (ii) ‖Dg|Eu

x
‖ > 1, and if p is the origin then ‖Dg|Eu

p
‖ = 1,

has no SBR measures. Such a diffeomorphism is called almost Anosov .
Let Diff2(T2) be a set of C2 diffeomorphisms on the 2-torus imposed with the

C2 topology. A diffeomorphism f : T2 → T2 is called Anosov if f has a hyperbolic
structure on all of T2 (cf. [S2]).

We denote as A(T2) the open set of Anosov diffeomorphisms. Then A(T2) is a
proper subset of the set θ2 of diffeomorphisms such that
(iii) the tangent bundle TT2 splits into the directed sum TT2 = Eu ⊕ Es of

invariant subbundles Eu and Es, and
(iv) there exist a C∞ Riemannian metric ‖ · ‖ and 0 < λ < 1 such that

‖Dxf |Es‖ ≤ λ, ‖Dxf |Eu‖ ≥ 1.

Our aim is to investigate the dynamical properties of diffeomorphisms belonging to
θ2 \A(T2). More precisely we state them as follows.

Theorem A. Each diffeomorphism belonging to θ2 \ A(T2) is approximated by
Anosov diffeomorphisms, and it has no SBR measures.

The conclusions will be obtained in proving the following three propositions.

Proposition B. Let f ∈ θ2 \A(T2). Then the set Λ defined by

Λ =
{
x ∈ T2

∣∣ ‖Dfn|Eu
x
‖ = 1 for n ∈ Z

}
has the following properties:

Received by the editors February 10, 1997.
1991 Mathematics Subject Classification. Primary 58F11, 58F12, 58F15.
Key words and phrases. Anosov diffeomorphism, SBR measure.

c©1999 American Mathematical Society

3373



3374 NAOYA SUMI

(a) Λ is closed, nonempty and f -invariant,
(b) Λ is expressed as the union of finite connected sets, and each connected com-

ponent of Λ is either a single point or a C2 arc which is tangential to Eu,
(c) each element of Λ is a periodic point, and
(d) there exists a C1 Riemannian metric ||| · ||| such that

|||Df |Es
x
||| ≤ λ (x ∈ T2),

|||Df |Eu
x
||| > 1 (x /∈ Λ) and

|||Df |Eu
x
||| = 1 (x ∈ Λ).

By Proposition B we can easily check that the following are equivalent:
(e) Λ is a finite set,
(f) f is expansive, i.e. there is a constant e > 0 such that x 6= y (x, y ∈ T2)

implies d(fn(x), fn(y)) > e for some integer n.
By making use of the above metric ||| · |||, we have the following:

Proposition C. Every f ∈ θ2 is C2-approximated by Anosov.

Proposition C tells us that every f ∈ θ2 is homotopic to an Anosov diffeomor-
phism. Thus there exists a hyperbolic toral automorphism homotopic to f , and
so f is semi-conjugate to the toral automorphism (see [A-H]). Then we have the
following:

Corollary. Let f ∈ θ2 and let Λ be as in Proposition B. Then there exist a hyper-
bolic toral automorphism A : T2 → T2 and a continuous surjective map h : T2 → T2

such that

T2 f−−−−→ T2

h

y yh

T2 −−−−→
A

T2

commutes. If Λ is finite, then h is a homeomorphism.

The second statement of the corollary follows from the fact that every expansive
homeomorphism on the 2-torus is topologically conjugate to a hyperbolic toral
automorphism (cf. [H]).

Proposition D. Every f ∈ θ2 \A(T2) has no SBR measures.

For the proof of Proposition D we need the conclusion of Proposition B and the
technique in [H-Y].

Before starting the proof of Theorem A we give the notations and the definitions
that we need. Let f ∈ Diff2(T2) and µ be an f -invariant Borel probability measure
of T2. The measure µ is called a Sinai-Bowen-Ruelle measure (SBR measure for
abbreviation) if for µ-almost all x ∈ T2 there exist v ∈ TxT2 and a number λ(x) > 0
satisfying
(A) limn→±∞ 1

n log ‖Dxfn(v)‖ = λ(x),
(B) µ has a conditional measure that is absolutely continuous (with respect to the

Lebesgue measure) on unstable manifolds, which is defined as follows:
If ξ is a measurable decomposition of T2, then a family {µξ

x|x ∈ T2} of Borel
probability measures exists, and it satisfies the following conditions:



DIFFEOMORPHISMS APPROXIMATED BY ANOSOV 3375

(C) for x, y ∈ T2 if ξ(x) = ξ(y) then µξ
x = µξ

y, here ξ(x) denotes a set containing
x in ξ,

(D) µξ
x(ξ(x)) = 1 for µ-almost all x ∈ T2,

(E) for any Borel set A a function x 7→ µξ
x(A) is measurable and

µ(A) =
∫

T2
µξ

x(A)dµ(x).

The family {µξ
x|x ∈ T2} is called a canonical system of conditional measures for µ

and ξ (see [R3] for more details).
Whenever f has the condition (A), then a set

Wu(x) =
{

y ∈ T2| lim sup
n→∞

1
n

log d(f−n(x), f−n(y)) < 0
}

is a unstable manifold for µ-almost all x in T2 ([P]). In fact, Wu(x) is a C2 curve
which is homeomorphic to R. A measurable decomposition ξ of T2 is said to be
subordinate to unstable manifolds if for µ-almost all x in T2 the following conditions
hold:

(F) ξ(x) ⊂ Wu(x),
(G) ξ(x) contains an open arc of x in W u(x).

Let x ∈ T2 and mu
x denote the Lebesgue measure of Wu(x). Then a Borel proba-

bility measure µ is called an absolutely continuous conditional measure on unstable
manifolds provided the condition that each µξ

x in a canonical system of conditional
measures is absolutely continuous to mu

x for µ-almost all x in T2 if ξ is a measurable
decomposition that is subordinate to unstable manifolds. It is known (see [S1], [B],
[L]) that every Anosov diffeomorphism has a unique SBR measure.

Proof of Proposition B. It is clear that Λ is a f -invariant closed set. Thus, to
obtain (a) it suffices to show that Λ is nonempty. Since f is not Anosov, for η > 1
and N ≥ 1 there exists x = x(η, N) ∈ T2 such that for 1 ≤ n ≤ N

‖Dfn|Eu
x
‖ ≤ η.

Indeed, if this is false, then we can find η0 > 1 and N0 ≥ 1 such that for x ∈ T2

there exists 1 ≤ n ≤ N0 satisfying ‖Dfn|Eu
x
‖ > η0. Thus, for N ≥ 1 and x ∈ T2

there exist ni (1 ≤ i ≤ k) and 0 ≤ ` ≤ N0 − 1 such that N = n1 + n2 + · · ·+ nk + `
and ‖Dfni+1 |Eu

xi
‖ > η0 for 0 ≤ i ≤ k − 1 where

xi =

{
x (i = 0),
fn1+n2+···+ni(x) (1 ≤ i ≤ k).

Since ‖Df |Eu
y
‖ ≥ 1 for y ∈ T2, we have

‖DfN |Eu
x
‖ =

k−1∏
0

‖Dfni+1|Eu
xi
‖‖Df `|Eu

xk
‖ > (η0)k

≥ (η0)
[ N

N0
] ≥ (η0)

N
N0

−1 = (η0)−1{(η0)
1

N0 }N .

Put C = η−1
0 and η1 = (η0)

1
N0 . Since η1 and C are independent of x in T2, f is

Anosov. This is a contradiction.
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Therefore, for N ≥ 1 there is xN ∈ T2 satisfying 1 ≤ ‖Dfn|Eu
xN
‖ ≤ 1 + 1

N for
1 ≤ n ≤ 2N + 1. If fN (xN ) → x0 (take a subsequence if necessary ), then we have
that for i ∈ Z

1 ≤ ‖Df i|Eu
x0
‖ = lim

N→∞
‖Df i|Eu

fN (xN )
‖ ≤ lim

N→∞

(
1 +

1
N

)
= 1,

from which Λ is nonempty. (a) is proved.
To show (d), let π : R2 → T2 denote the natural projection and put ej =

Dπ( ∂
∂xj

) for j = 1, 2. Since f is of C2, we remark that for i ∈ Z and j = 1, 2,
ϕi,j(x) = ‖Dxf i(ej)‖ is a C1 function. Choose a sequence {δi}i≥0 of positive
numbers satisfying∑

i∈Z
δ|i| max{ϕi,j(x)2, ‖Dxϕi,j‖2|x ∈ T2, j = 1, 2} < ∞,

and define a C1 Riemannian metric ||| · ||| on TT2 by

|||v|||2 =
∑
i∈Z

δ|i|‖Dxf i(v)‖2 (x ∈ T2, v ∈ TxT2).

Then it is easily checked that ||| · ||| satisfies Proposition B (d).
To show (b) we take a covering map π̄ : T2 → T2 such that Ēσ

x = (Dxπ̄)−1Eσ
x

(x ∈ T2, σ = s, u) is orientable. In fact, π̄ is 4 to 1. Let f̄ : T2 → T2 be a lifting of
f by π̄. Then we have that for x ∈ T2

Dxf̄(Ēσ
x ) = Ēσ

f̄(x) (σ = s, u),

‖Dxf̄ |Ēs
x
‖ ≤ λ,

‖Dxf̄ |Ēu
x
‖ ≥ 1.

Since f̄2 : T2 → T2 preserves an orientation of Ēσ
x (σ = s, u), for simplicity we

replace f̄2 and Ēσ by f and Eσ respectively. Then we can construct a C0 vector
field Xσ : T2 → Eσ (σ = s, u) which has no singularities.

From the definition of Es it follows that Xs is a C1 vector field. This is checked
by using the ideas in the proof of Theorem 6.3 in [H-P]. Thus a C1 foliation of
s-direction, Fs, is constructed. For x ∈ T2 denote by W s(x) a leaf containing x.
Then W s(x) is a C2 curve which is homeomorphic to R, and has the properties
that TyW s(x) = Es

y and d(fn(x), fn(y)) → 0 (n → ∞) for y ∈ W s(x). Define
W s

ε (x) = {y ∈ W s(x)|ds(x, y) ≤ ε} where ds denotes the distance between two
points along W s(x). Then we have

W s(x) =
∞⋃

n=0

f−n(W s
ε (fn(x))) (x ∈ T2).

We need a C0-foliation of u-direction on T2 later. To construct it we must use the
splitting

‖Df |Es
x
‖‖Df−1|Eu

f(x)
‖ ≤ λ (x ∈ T2)

which is called a dominated splitting of TT2. The splitting is obtained from (iv)
in the definition of θ2. Though the correspondence x 7→ Eu

x is continuous, by the
dominated splitting it is ensured (see [M]) that there exists a family {W̃u

ε (x)|x ∈ T2}
of C2 arcs satisfying the conditions:

1. W̃u
ε (x) ⊂ Bε(x) = {y ∈ T2|d(x, y) ≤ ε} for x ∈ T2,
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2. TxW̃u
ε (x) = Eu

x for x ∈ T2,
3. letting W̃u

ε′(x) = Bε′(x)∩ W̃u
ε (x) for 0 < ε′ ≤ ε, one can find ε′ > 0 such that

f(W̃u
ε′(x)) ⊂ W̃u

ε (f(x)), f−1(W̃u
ε′ (x)) ⊂ W̃u

ε (f−1(x)),

4. the correspondence x 7→ W̃u
ε (x) is continuous with respect to the C2 metric.

Thus there exists δ > 0 such that if d(x, y) < δ then W s
ε (x) ∩ W̃u

ε (y) is one point
and W s

ε (x) is transverse to W̃u
ε (y). Then we write [x, y] = W s

ε (x) ∩ W̃u
ε (y).

Lemma 1. For x ∈ T2 the integral curve of Xu through x, γx, contains the arc
W̃u

δ (x).

Proof. Suppose W̃u
δ (x) 6⊂ γx for some x ∈ T2. Then we can take y ∈ Bδ(x) ∩ γx

such that y /∈ W̃u
δ (x). Thus, [y, x] = W s

ε (y) ∩ W̃u
ε (x). Since ‖Df−1|Eu‖ ≤ 1, we

have d(f−1(y), f−1(x)) < δ and then

[f−1(y), f−1(x)] = W s
ε (f−1(y)) ∩ W̃u

ε (f−1(x))

and thus f−1([y, x]) = [f−1(y), f−1(x)]. Repeating this manner, we have

f−n([y, x]) ∈ W s
ε (f−n(y)), f−n([y, x]) 6= f−n(y) (n ≥ 0).

Using the fact that ‖Df−n|Es‖ ≥ λ−n, we have

ds(f−n([y, x]), f−n(y)) ≥ λ−nds([y, x], y).

This is a contradiction.

Since the integral curve γx is unique, a C0 foliation of u-direction, Fu, is con-
structed. Denote as Wu(x) the leaf containing x in Fu. Then it follows that
TyW

u(x) = Eu
y and W̃u

ε (y) ⊂ Wu(x) for y ∈ Wu(x). Remark that each leaf Wu(x)
is a C2 curve.

Lemma 2. For x, y ∈ T2 the cardinality of Wu(x) ∩W s(y) is infinite.

Proof. We first prove the lemma when Wu(x) is homeomorphic to R. Since the
length of W u(x), `(Wu(x)), is infinite, we can find z1, z2 ∈ Wu(x) such that
d(z1, z2) < δ and W̃u

ε (z1) ∩ W̃u
ε (z2) = ∅.

Since [z1, z2] = W s
ε (z1) ∩ W̃u

ε (z1) ⊂ Wu(x), we denote by γ the closed curve
which combine the arc in Wu(x) from [z1, z2] to z1 with the arc in W s

ε (z1) from z1

to [z1, z2]. We can suppose that γ is a Jordan closed curve.
If γ is not zero-homotopic, we then obtain the conclusion of Lemma 2. Indeed,

let y ∈ T2. By the assumption, T2\γ is homeomorphic to an annulus. If W s(y) does
not intersect to γ, we then have a contradiction since the existence of a periodic
solution of Xs in T2 \ γ is ensured by the Poincaré-Bendixon theorem (Figure 1).

Thus it suffices to prove that γ is not zero-homotopic. If it is false, then there
exists a 2-disk D in T2 such that the boundary of D is equal to γ. Since a C1

vector field Xs : D → Es has no singular points, there is a periodic solution in D
by the Poincaré-Bendixon theorem. This contradicts the fact that each leaf in Fs

is homeomorphic to R.
When Wu(x) is a closed curve, we obtain also the conclusion of the lemma.

Lemma 3. For x ∈ T2, cl (Wu(x)) = T2 where cl(E) denotes the closure of E.
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Proof. We first prove that Wu(x) is homeomorphic to R. If this is false, then there
exists z ∈ T2 such that Wu(z) is homeomorphic to a circle. Since ‖Df−1|Eu‖ ≤ 1,
we have

· · · ≤ `(Wu(f−2(z))) ≤ `(Wu(f−1(z))) ≤ `(Wu(z)).

Let α(z) denote the set of α-limit points of z. Take and fix w ∈ α(z). Then we
have `(W u(fn(w))) = `(Wu(w)) for n ∈ Z, and so Wu(w) is contained in Λ.

By Lemma 2 we can take z1, z2 ∈ Wu(w) (z1 6= z2) such that z2 ∈ W s(z1)
and du(z1, z2) ≤ δ where du denotes the distance between two points along Wu(w).
Since Wu

δ (z1) ⊂ Λ, we have fn(z2) ∈ Wu
δ (fn(z1)) ∩ W s

δ (fn(z1)) for some n > 0,
and thus fn(z2) = fn(z1). This is a contradiction.

Let x, y ∈ T2 and let U be a small neighborhood of y. To show the density of
Wu(x) it suffices to see that U ∩Wu(x) 6= ∅. Take a C2 arc I ⊂ W s

δ (y)∩U . Since
‖Df−1|Es‖ ≥ λ−1, we have

`(f−n(I)) →∞ (n →∞).

In a way similar to the proof of Lemma 2, we have f−n(I) ∩Wu(f−n(x)) 6= ∅ for
some n > 0 because each leaf of Fu is homeomorphic to R. Therefore, U∩Wu(x) ⊃
I ∩W u(x) 6= ∅.

We remark that Lemma 3 is not true for W s(x).

Lemma 4. For x ∈ Λ let I be a C2 arc containing x such that I ⊂ W̃u
δ (x). If `(I)

is positive, then
∞∑

n=0

`(f−n(I)) = ∞.

Proof. For {W̃u
δ (x)|x ∈ T2} a family of C2 arcs

max
x∈T2

∣∣∣∣ d2

dy2

(
f |W̃ u

δ (x)

)
(y)
∣∣∣∣

is bounded by K from above. Since f−n(x) ∈ Λ and Tf−n(x)W̃
u
δ (f−n(x)) = Eu

f−n(x)

for n ≥ 0, clearly

d

dy

(
f |W̃ u

δ (f−n(x))

)
(0) = 1.
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By Taylor’s Theorem the graph of f |W̃ u
δ (f−n(x)) satisfies

∣∣∣(f |W̃ u
δ (f−n(x))

)
(y)
∣∣∣ ≤

|F (y)| (|y| ≤ δ, n ≥ 0) where

F (y) =

{
y + Ky2 (y ≥ 0),
y −Ky2 (y < 0).

Thus, `(f−n(I)) ≥ F−n(δ). Since
∑∞

0 F−n(δ) = ∞ by ([H-Y] Lemma 4.1), we
have

∑∞
0 `(f−n(I)) = ∞.

Since Fs is a C1 foliation of T2, we easily have the following:

Lemma 5. For x ∈ T2 suppose that I and J are C2 arcs contained in W s
δ (x) and

W̃u
δ (x) respectively. Then there exists κ > 0 such that

m ([I, J ]) ≥ κ`(I)`(J)

where m is the Lebesgue measure of T2.

Let C(x) denote the connected component of x in Λ.

Lemma 6. C(x) ⊂ Wu(x) for x ∈ Λ.

Proof. If C(x) 6⊂ Wu(x) for some x ∈ Λ, then there exist y ∈ C(x) and η > 0 such
that Wu

ε (y′) ∩ Λ 6= ∅ for y′ ∈ W s
η (y). Take z ∈ α(y). Then we have W s(z) ⊂ Λ.

Since ‖Df |Es
x
‖ < λ and ‖Df |Eu

x
‖ = 1 for x ∈ Λ, we have Λ 6= T2. Therefore,

cl (W s(z)) 6= T2.
Fix w ∈ T2 \ cl (W s(z)). Let U denote the arcwise connected component of

w in T2 \ cl (W s(z)). Obviously U is open and f−n(U) is the arcwise connected
component of f−n(w) in T2 \ cl (W s(z)) for every n > 0. Then we have two cases:

(5) f−n(U) ∩ U = ∅ for all n > 0,
(6) f−n0(U) = U for some n0 > 0.

For (5) we have
∑∞

n=0 m(f−n(U)) = ∞. Indeed, from Lemma 3 it follows that the
length of the arcwise connected component I of w in Wu(w) ∩ U is finite. Let w′

be one of the end points of I. Since U is open, w′ must belong to cl (W s(z)) ⊂ Λ.
Thus Lemmas 4 and 5 ensure that

∞∑
n=0

m(f−n(U)) ≥
∞∑

n=0

m([W s
δ (f−n(w′)), f−n(I)])

≥
∞∑

n=0

κ`(W s
δ (f−n(w′)))`(f−n(I))

≥ 2κδ

∞∑
n=0

`(f−n(I))

= ∞.

When (6) holds, we also have m(U) = ∞. Indeed, let I and w′ be as above.
Since f is orientation preserving, we have f−n0(W s(w′)) = W s(w′). Thus f−n0 :
W s(w′) → W s(w′) is expanding since ‖Df−1|Es‖ ≥ λ−1, and so there exists a
unique fixed point p ∈ W s(w′) of f−n0 . Without loss of generality we suppose that
p 6= w′. Then w′ is not a periodic point. Thus, for r > 0 small enough we have

[W s
r (f−kn0(w′)), f−kn0(I)] ∩ [W s

r (f−k′n0(w′)), f−k′n0(I)] = ∅ (k 6= k′),
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and thus by Lemmas 4 and 5

m(U) ≥ m

( ∞⋃
k=0

[W s
r (f−kn0(w′)), f−kn0(I)]

)

=
∞∑

k=0

m([W s
r (f−kn0(w′)), f−kn0 (I)])

≥
∞∑

k=0

κ`(W s
r (f−kn0 (w′)))`(f−kn0(I))

≥ 2κr

∞∑
k=0

`(f−kn0(I)) = ∞.

In any case we have m(T2) = ∞. This is a contradiction.

Lemma 6 tells us that C(x) is either a single point, or a C2 arc in Wu(x). We
remark that `(C(x)) is finite. This follows from the fact if `(C(x)) is infinite then
cl(C(x)) = T2 by Lemma 3. Therefore the second statement of Proposition B (b)
was proved.

Since ‖Df |Eu
y
‖ = 1 for y ∈ C(x), the length of C(x) is f -invariant. Then, using

the next lemma, it follows that fm(x)|C(x) is the identity map of C(x). This implies
Proposition B (c).

Lemma 7. For x ∈ Λ there exists m = m(x) > 0 such that fm(C(x)) = C(x).

Proof. We first prove the lemma for the case when C(x) is a C2 arc. To see so
let y be one of the end points of C(x) in W u(x). It is clear that α(y) ⊂ Λ. If we
establish that α(y) is finite, then each element belonging to α(y) is periodic. Thus
there is z ∈ α(y) such that y ∈ W u(z). Then we have y = z. Indeed, if y 6= z and
f−i(z) = z, then we have that for k > 0

du(y, z) = du(y, f−i(y)) + du(f−i(y), f−2i(y)) + · · ·+ du(f−ki(y), z).

Thus we have du(y, z) = ∞ by Lemma 4 since k is arbitrary. This is a contradiction.
Therefore y is periodic. Let m be the period of y by f . Then fm(C(x)) = C(x)
since y is an end point of C(x), and since the length of C(x) is f -invariant. Thus
it suffices to prove that α(y) is finite.

We first prove that α(y) is totally disconnected. If this is false, then there exists
z ∈ α(y) such that W̃ u

η (z) ⊂ α(y) for small η > 0. Choose an increasing sequence
{nk} such that {f−nk(y)} converges to z as k → ∞. Then [f−nk(y), z] converges
to z as k →∞. Since

d(y, fnk(z)) ≤ ds(y, fnk([f−nk(y), z])) + du(fnk([f−nk(y), z]), fnk(z))

≤ λnkds(f−nk(y), [f−nk(y), z]) + du([f−nk(y), z], z)

→ 0 (k →∞),

fnk(W̃u
η (z)) converges to W̃u

η (y) under the Hausdorff topology. Remark that
fnk(W̃u

η (z)) ⊂ Λ for k > 0 (and then W̃u
η (y) ⊂ Λ). Then we have W̃u

η (y) ⊂ C(x),
thus contradicting the choice of y. Therefore α(y) is totally disconnected.

Suppose that α(y) is infinite to obtain a contradiction. For w ∈ T2, W̃u
ε (w)\{w}

is expressed as the union W̃u
ε (w) \ {w} = I1

w ∪ I2
w of C2 arcs I1

w and I2
w in Wu(w)
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with I1
w ∩ I2

w = ∅. Since the collection of open closed subsets of α(y) is a base of
α(y), there exist a non-periodic point z ∈ α(y) and i (= 1 or 2) such that

int([Ii
z , W

s
ε (z)]) ∩ α(y) = ∅(7)

for ε > 0 small enough (Figure 2). Indeed, if z is a periodic point, then we have
y 6∈ W u(z) since α(y) and the orbit of z agree when y ∈ Wu(z), and since α(y) is
infinite by the assumption. Thus {α(y) ∩W s(z)} \ {z} is nonempty, then we can
take a non-periodic point from the set. Notice that f−n(z) 6∈ W s

ε (z) (n > 0) for
sufficiently small ε > 0. For simplicity put Iz = Ii

z.
Take and fix τ > 0 small enough. We define Rn = [f−n(Iz), W s

τ (z)] for n ≥ 0.
Then, Rn+1 ⊂ f−1(Rn) for all n ≥ 0, and Rn ∩ Rm = ∅ for all n 6= m. Indeed,
suppose Rm ∩Rn 6= ∅ for some m > n ≥ 0. Put k = m− n. Since

∅ 6= fn(Rm ∩Rn) ⊂ fn(f−n(Rk) ∩ f−n(R0)) = Rk ∩R0,

we have that z ∈ int([f−k(Iz), W s
ε (f−k(z))]) since f−k(z) 6∈ W s

ε (z). Therefore,
fk(z) ∈ int([Iz , W

s
ε (z)]), thus contradicting (7).

Since Rn ∩Rm = ∅ for all n 6= m, by Lemmas 4 and 5,

m

⋃
n≥0

Rn

 =
∑
n≥0

m(Rn)

≥
∑
n≥0

κ`(f−n(Iz))`(W s
τ (z))

≥ 2κτ
∑
n≥0

`(f−n(Iz))

= ∞.

But this is impossible. Therefore α(x) is finite.
When C(x) is a single point, we also obtain the conclusion of the lemma.

To complete the proof of Proposition B it suffices to show that Λ splits into the
union of finite connected sets. To obtain it suppose the cardinality of {C(x)|x ∈ Λ}
is infinite. If {xi} is an infinite sequence in Λ and xi → x as i →∞, then x is also
a periodic point by Proposition B (c).

If xi ∈ Wu(x) for some i, then x and xi are joined by a C2 arc I in Wu(x).
Since ‖Df−1|Eu‖ ≤ 1, we have `(f−n(I)) ≤ `(I) for n > 0. Thus, `(fn(I)) = `(I)
for all n ∈ Z because xi and x are periodic points. This implies that C(xi) = C(x).
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Since the cardinality of {C(x)|x ∈ Λ} is infinite, we may assume that xi 6∈ Wu(x)
for all i.

Since xi 6∈ Wu(x) for all i ≥ 0, we can find y ∈ W s(x) such that y ∈ Λ and
y 6= x. Then y ∈ Λ is not a periodic point. This contradicts Proposition B (c).
Therefore Λ is expressed as the union of finite connected sets.

Proof of Proposition C. Let Λ be as in Proposition B. We give the proof of
Proposition C for the case when Λ is a C2 arc. When Λ is a single point, or in
general, then the conclusion is obtained in a similar argument.

For x ∈ T2 and r > 0 we define Wu
r (x) = {y ∈ Wu(x)|du(x, y) ≤ r}. Since Λ is

a C2 arc which is tangential to Eu, Λ is expressed as Λ = Wu
r (x0) for some x0 ∈ Λ

and r > 0. For η > 0 small enough define

Rη =
⋃

x∈W u
r+η(x0)

W s
η (x).

Since Λ ⊂ intRη, by Proposition B (d) there exists ε > 0 such that

|||Dxf |Eu ||| > eε (x /∈ Rη)(8)

where ||| · ||| is the norm as in Proposition B. A projection πu : Rη → Wu
r+η(x0)

defined by {πu(x)} = W s
η (x) ∩Wu

r+η(x0) for x ∈ Rη is a C1 map, since Fs is a C1

foliation of T2.
Since |||Dxπu|Eu ||| = 1 for x ∈ Λ, we have that for 0 < η′ (< η) small enough

e−ε/5 ≤ |||Dxπu|Eu ||| ≤ eε/5 (x ∈ Rη′).(9)

Then we can construct a one-parameter family ϕt : T2 → T2 (t ∈ [0, 1]) which
satisfies the following:

(10) ϕt is a C2 diffeomorphism for t ∈ [0, 1],
(11) d2(ϕt, id) → 0 as t → 0 where d2 and id denote a C2 metric and the identity

map respectively,
(12) ϕt(x) = x for t ∈ [0, 1] and x 6∈ Rη′ ,
(13) for t ∈ (0, 1], ϕt(Wu

r+η′ (x0)) = Wu
r+η′(x0) and |||Dx(ϕt ◦ f)|Eu ||| > 1 (x ∈

Wu
r+η′(x0)) (Figure 3).

Put ft = ϕt ◦ f for t ∈ [0, 1]. Clearly ft is a C2 diffeomorphism for t ∈ [0, 1] (by
(10)) and f is approximated by {ft} with respect to the C2 topology (by (11)).
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The remainder of the proof is only to show that ft is Anosov for small t ∈ (0, 1].
By (8) and Proposition B, f satisfies

|||Dxf |Es ||| |||Df(x)f
−1|Eu ||| ≤ λ (x ∈ T2),

|||Dxf |Es ||| ≤ λ (x ∈ T2),
|||Dxf |Eu ||| > eε (x /∈ Rη),
|||Dxf |Eu ||| > 1 (x /∈ Rη′).

Then we can choose t0 > 0 such that for 0 < t < t0 there exist λ < λ′ < 1 and a
Dft invariant splitting TxT2 = Eu

x (t)⊕ Es
x(t) (x ∈ T2) satisfying

|||Dxft|Es(t)||| |||Df(x)f
−1
t |Eu(t)||| ≤ λ′ (x ∈ T2),

|||Dxft|Es(t)||| ≤ λ′ (x ∈ T2),
|||Dxft|Eu(t)||| > eε/2 (x /∈ Rη),
|||Dxft|Eu(t)||| > 1 (x /∈ Rη′).

Fix t with 0 < t < t0. In the same manner as the proof of Proposition B construct a
C1 foliation Fs

t = {W s(x, t)}x∈T2 which is tangential to Es(t). Denote by W s
η (x, t)

the set of y ∈ W s(x, t) such that ds(x, y) ≤ η, and define a projection πu
t : Rη′ →

W u
r+η(x0) by

{πu
t (x)} = W s

η (x, t) ∩Wu
r+η(x0) (x ∈ Rη′).

By (9) we can assume that for every x ∈ Rη′

e−ε/4 ≤ |||Dxπu
t |Eu(t)||| ≤ eε/4(14)

(by taking t0 sufficiently small if necessary).
Put µt = inf{|||Dxft|Eu(t)||| |x ∈ Wu

r+η(x0)}. Then, µt > 1 by (12) and (13). If
f i(x) ∈ Rη′ for 0 ≤ i ≤ n, then we have |||Dxfn

t |Eu(t)||| ≥ e−ε/2µn
t . This follows

from the fact that by (14)

|||Dxfn
t |Eu(t)||| ≥|||(Dfn

t (x)π
u
t |Eu(t))−1||| |||Dπu

t (x)f
n
t |Eu(t)||| |||Dxπu

t |Eu(t)|||
≥e−ε/4µn

t e−ε/4 = e−ε/2µn
t .

Let K1 be a large number such that for x ∈ Rη′ and g (= f or f−1) if g(x) 6∈ Rη′

then gK1(x) 6∈ Rη, and K2 be a positive integer satisfying e−ε/2 · µK2
t > 1. Put

K = 2K1 + K2. Then we have |||DxfK
t |Eu(t)||| > 1 for x ∈ T2. Therefore it follows

that ft is Anosov by the technique of the proof of Proposition B (a).

Proof of Proposition D. For the proof we need Proposition B and the technique
used in [L-Y]. Suppose the proposition is false. For ε > 0 we have (see [L-Y], Lemma
3.2 and Corollary 6.2) that there is a Borel set S such that the following conditions
hold:

(15) µ(S) > 0.
(16) There is a family {Dα} of C2 arcs satisfying

(16-1) Dα ∩Dα′ = ∅ (α 6= α′),
(16-2) S =

⋃
α Dα,

(16-3) if x ∈ Dα, then Dα ⊂ W̃u
ε (x) and Dα is open in W̃u

ε (x).
(17) Let {µα} be a canonical system of conditional Borel probability measures,

then each µα is absolutely continuous with respect to the Lebesgue measure
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mα of Dα, and if ρα : Dα → R+ is the density function of mα, then there is
L > 0 such that for (x, y) ∈ Dα ×Dα∣∣∣∣log

ρα(y)
ρα(x)

∣∣∣∣ ≤ Ldu(x, y).

By (16-3) and (17) we have ∣∣∣∣ρα(x)
ρα(y)

∣∣∣∣ ≤ eLε.(18)

Since µ is a SBR measure of T2 by the assumption, µ-almost all x has a positive
Lyapunov exponent. Then, for µ-a.e. x, Eu

x is the subspace corresponding to the
exponent. Since f ∈ θ2 \A(T2), we have ‖Df |Eu‖ ≥ 1 and thus `(fnDα) ≥ `(Dα).
If a point in Dα has a positive Lyapunov exponent, then `(fnDα) ↗∞ as n →∞.
Therefore, without loss of generality we can suppose that `(fnDα) ↗∞ for all α.

Let Λ be as in Proposition B and take z ∈ Λ. By Proposition B, z is a periodic
point of f . For simplicity we assume that z is a fixed point. By Lemma 3 there
exists n(α) = n ≥ 0 such that

fn(Dα) ∩W s(z) 6= ∅.

Thus we have

Dα ∩W s(z) = f−n(fn(Dα)) ∩W s(z) 6= ∅.

Since Dα contains a point with the positive Lyapunov exponent, we can find a
compact subset C ⊂ W s(z) such that

µ

(⋃
α

{Dα|Dα ∩ C 6= ∅}
)

> 0.(19)

Choose k > 0 such that ds(fk(y), z) is small enough for all y ∈ C, and put
C′ = fk(C) for simplicity. Without loss of generality we can suppose

[W̃u
τ (z), C ′] ⊂

⋃
α

fk(Dα)(20)

for τ > 0 small enough. Define Rn = [W̃u
τ (z), fn(C ′)] for n ≥ 0. Then we have that

for n 6= m, Rn ∩ Rm = ∅ by taking the size of C ′ sufficiently small. We remark
that there is η > 0 such that for y ∈ W̃u

τ (z) and w ∈ C′

du([y, w], w) ≥ ηdu(y, z)(21)

since Fs is a C1 foliation of T2.
Put S0 =

⋃
α fk(Dα). Then S0 is a Borel set satisfying the conditions (15),

(16) and (17). Thus the µ-values of [W̃u
τ (z), C ′] are positive by (18), (19) and (20).

Since {[W̃u
τ (z), y]|y ∈ C′} is a decomposition of S1 = [W̃u

τ (z), C ′], S1 is a Borel set
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satisfying (15), (16) and (17). Thus we have that∑
n

µ(Rn) =
∑

n

µ(f−n(Rn))

=
∑

n

µ(f−n([W̃u
τ (z), fn(C ′)]))

=
∑

n

µ([f−n(W̃u
τ (z)), C′])

≥
∑

n

e−Lεη`(f−n(W̃u
τ (z))) (by (18) and (21)).

Since µ(R1) > 0, by applying Lemma 4 we have µ(
⋃

Rn) = ∞. This is a contra-
diction.
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